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The entanglement between two bosons or fermions can be accessed if there exists an auxiliary
degree of freedom which can be used to label and effectively distinguish the two particles. For some
types of entanglement between two indistinguishable particles one can observe duality, i.e., if the
entanglement is present in the Hilbert space H and an auxiliary Hilbert space H′ is used to label the
particles, then if we used H as a label the entanglement would be present in H′. For distinguishable
particles this effect does not occur because of superselection rules which prevent superpositions of
different types of particles. However, it is known that superselection rules can be bypassed if one uses
special auxiliary states that are known as reference frames. Here we study properties of reference
frames which allow for an observation of a duality in entanglement between two distinguishable
particles. Finally, we discuss the consequences of this result from the resource-theoretic point of
view.
PACS numbers: 03.65.Ud, 03.67.Ac, 03.67.Mn
I. INTRODUCTION
Two polarization-entangled photons can be generated
in a standard parametric down-conversion (PDC) exper-
iment. The entanglement can be accessed because the
photons can be distinguished by their momentum – a
photon moving left and the one moving right. Inter-
estingly, if the two PDC photons go through polarizing
beam splitters and the H-polarized one is sent to Alice,
whereas the V-polarized one is sent to Bob, the party
can still detect entanglement, but this time it occurs in
the momentum degree of freedom. This phenomenon is
known as duality in entanglement and does not occur in
case of distinguishable particles.
Duality in entanglement provides an interaction-free
test of particle indistinguishability [1] and can be ob-
served in various physical implementations [2, 3]. The
idea of the test relies on the fact that for distinguish-
able particles superselection rules (SSR) [4] restrict the
set of all the possible measurements. As a result, the en-
tanglement cannot be observed after the swap of labels.
However, such a rule can be lifted by the introduction of
a proper additional state, called a reference frame [5–7].
In this work we investigate its impact on the duality of
entanglement.
It is well know that in the first quantization picture the
symmetrization/anti-symmetrization of the wave func-
tion can be sometimes considered as entanglement which
cannot be operationally accessed [8–14]. Nevertheless,
due to this fact fermionic and bosonic properties can
be simulated with distinguishable particles if one pre-
pares them in a proper symmetric or anti-symmetric
state. Such a preparation requires entanglement con-
sumption, which in this case can be considered as a re-
source to simulate identicality of particles. However, it is
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not obvious that every bosonic/fermionic property can be
simulated only by symmetrization/anti-symmetrization.
Some properties may also be simulated with alternative
resources.
Here, we ask what alternative resources contained in
reference frames can be used to simulate duality in en-
tanglement. In particular, we identify the minimal condi-
tions needed for such a reference frame to enable distin-
guishable particles to exhibit the duality. The result pin-
points the aspects of indistingiushability captured by the
entanglement duality. This highlights issues that should
be considered while preparing the duality-based tests of
identicity of particles. Moreover, it contributes to a for-
mulation of a resource theory of indistinguishability.
II. IDEA
We follow Ref. [1] and consider two PDC photons
1√
2
(
a†H, ka
†
V, k¯
+ a†V, ka
†
H, k¯
)|0〉, (1)
where a†X, p denotes the operator that creates a photon
with polarization X = H,V and momentum p = k, k¯.
The above state is clearly entangled if we distinguish par-
ticles by their momentum
|Ψ〉 = 1√
2
(|H〉k|V 〉k¯ + |V 〉k|H〉k¯). (2)
If instead the particles are labeled by the polarization we
get
|Ψ〉 = 1√
2
(|k〉H |k¯〉V + |k¯〉H |k〉V ). (3)
The fact that the presence of entanglement is indepen-
dent of labeling is known as duality in entanglement and
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FIG. 1. An experimental setup to verify the duality in en-
tanglement. An entangled pair of photons |Ψ〉 = |H〉k¯|V 〉k +
|V 〉k¯|H〉k is created by the source S. The particles are emit-
ted with opposite momenta k and k¯ towards Alice and Bob
respectively. They can now perform standard polarization
measurements to verify the entanglement (a) or use the po-
larizing beam splitters (PBS) to test its dual form. If they
choose the latter (b), the photons are either transmitted or
reflected, according to their polarization. As a result, only
one particle goes up and one goes down. The beam splitters
(BS) can be used to verify entanglement in the momentum
degree of freedom.
can be tested in the setup presented in Fig. 1 (for details
see [1]).
For a system of distinguishable particles we use differ-
ent creation operators
1√
2
(
a†H, kb
†
V, k¯
+ a†V, kb
†
H, k¯
)|0〉. (4)
Now the entanglement depends on the choice of indexing.
As momentum is consistent with the type of the particle,
the state
|Ψ〉 = 1√
2
(|H〉a, k|V 〉b, k¯ + |V 〉a, k|H〉b, k¯). (5)
is entangled. On the other hand, labeling by polarization
leads to
|Ψ〉 = 1√
2
(|k, a〉H |k¯, b〉V + |k¯, b〉H |k, a〉V ). (6)
Such a state is operationally mixed, as its entanglement
cannot be observed. The standard measurements can
only check if the momentum state was |k〉 or |k¯〉, but in
order to detect entanglement one also needs to measure
some other complementary states, say α|k〉+β|k¯〉. How-
ever, the second measurement can only be done if αβ = 0.
This follows from SSR which prohibit states superpos-
ing different particle types from being the eigenstates of
quantum observables and the fact that |k〉 is associated
with the particle a and |k¯〉 with the particle b. Because
of the distinguishability of particles, there is no duality
in entanglement for this system.
In the first quantization picture the state (1) can be
written as
|Ψ〉 =1
2
(|H, k〉1|V, k¯〉2 + |V, k〉1|H, k¯〉2
+|H, k¯〉1|V, k〉2 + |V, k¯〉1|H, k〉2
)
, (7)
where the particles are labeled as 1 and 2, though they
are indistinguishable. This state can be mathematically
rewritten as a hyper-entangled state
|Ψ〉 = 1
2
(|H〉1|V 〉2 + |V 〉1|H〉2)⊗ (|k〉1|k¯〉2 + |k¯〉1|k〉2),
(8)
although one needs to remember that only one type of en-
tanglement can be accessed because the other one needs
to take care of state symmetrization. However, if the two
particles were distinguishable, the state (8) would be op-
erationally hyper-entangled and it would pass the indis-
tinguishability test based on duality in entanglement. In
the second quantization picture it is of the form
1
2
(
a†H, kb
†
V, k¯
+ a†V, kb
†
H, k¯
+ a†
V,k¯
b†H,k + a
†
H,k¯
b†V,k
)|0〉. (9)
One can interpret this in the following way – by adding
entanglement to the system the state (4) becomes sym-
metric and behaves like a state of indistinguishable par-
ticles.
Now, we ask if the state (4) can pass the duality test
without symmetrization. This is possible if the measure-
ments are performed on an extended system ρ = ρS⊗ρA.
Here, ρS = |Ψ〉〈Ψ| is the state of the original system and
ρA is the state of an ancilla, which is commonly known
as a reference frame. To illustrate the idea we consider
ρA = ρS . This way the extended system is in the state
ρ =
(|Ψ〉 ⊗ |Ψ〉)(〈Ψ| ⊗ 〈Ψ|), where
|Ψ〉 ⊗ |Ψ〉 = 1
2
(
a†H, kb
†
V, k¯
+ a†V, kb
†
H, k¯
)⊗2 |0〉 ⊗ |0〉 (10)
and the tensor product denotes the fact that each copy
of the system occupies a different mode.
For convenience we set
|k, a〉 ≡ |0〉, (11)
|k¯, b〉 ≡ |1〉, (12)
so that the state (6) becomes
|Ψ〉 = 1√
2
(|0〉|1〉+ |1〉|0〉). (13)
3In the above we skipped the subindices H and V and
use the convention that the first state in the product is
H-polarized and the second V -polarized. We stress that
this is just a rewriting and the above state is still opera-
tionally mixed due to the underlying SSR, i.e., observing
the state α|0〉+β|1〉 is only possible if αβ = 0. However,
if we add its copy we obtain
|Ψ〉 ⊗ |Ψ〉 = 1
2
( |00〉|11〉+ |11〉|00〉︸ ︷︷ ︸
operationally mixed part
+ |01〉|10〉+ |10〉|01〉︸ ︷︷ ︸
entangled part
),
(14)
where we used the notation separating the subsystems of
Alice and Bob, i.e., |00〉|11〉 means that Alice has a state
|00〉 and Bob has |11〉. The state (14) consists of the
operationally mixed and entangled parts. This is because
α|00〉 + β|11〉 is only possible if αβ = 0, but α|01〉 +
β|10〉 is allowed for any α and β (up to the normalisation
constraint |α|2 + |β|2 = 1).
In order to verify the entanglement in the above state
we consider the Peres-Horodecki criterion [15, 16], i.e.,
the negativity of the partially transposed density ma-
trix. However, the matrix to which we apply this condi-
tion needs to be modified. Because some coherences are
unobservable due to the SSR, they need to be excluded
from the effective density matrix (we locally apply the
so-called twirling operation [6, 7])
ρeff =
1
4 (|00〉〈00||11〉〈11|+ |11〉〈11||00〉〈00|
+ |01〉〈01||10〉〈10|+ |10〉〈10||01〉〈01|
+ |01〉〈10||10〉〈01|+ |10〉〈01||01〉〈10|). (15)
The first four terms are diagonal, whereas the last two
correspond to observable coherencies and are responsible
for the entanglement. After applying a partial transpo-
sition we obtain
ρΓeff =
1
4 (|00〉〈00||11〉〈11|+ |11〉〈11||00〉〈00|
+ |01〉〈01||10〉〈10|+ |10〉〈10||01〉〈01|
+ |01〉〈10||01〉〈10|+ |10〉〈01||10〉〈01|). (16)
This is a block diagonal matrix and the last block, corre-
sponding to the last two terms, has eigenvalues ± 14 . This
confirms that the state is entangled.
The example shows an idea of bypassing SSR with an
additional subsystem. However, it is not clear that the
observable entanglement in the effective state originates
from the original subsystem, since the additional one is
also entangled [7]. We will resolve this issue in the next
section.
III. SEPARABLE REFERENCE FRAME
Let us consider a reference frame in a Werner state [17]
ρA =
1− p
4
1 + p|Ψ〉〈Ψ|, (17)
where 0 ≤ p ≤ 1, |Ψ〉 is the same as in (13) and the
identity is expressed in terms of states (11) and (12)
1 = |0〉〈0||0〉〈0|+ |0〉〈0||1〉〈1|+ |1〉〈1||0〉〈0|+ |1〉〈1||1〉〈1|.
(18)
The state (17) is separable for p < 13 [17].
The total state of the system is
ρp = ρS ⊗ ρA = 1− p
4
|Ψ〉〈Ψ| ⊗ 1 + p|Ψ〉〈Ψ| ⊗ |Ψ〉〈Ψ|.
(19)
Coherencies in the first term are unobservable due to
the SSR, therefore this part of the state is effectively
diagonal. The second term is the same as in the example
from the previous section.
In order to confirm the entanglement in the above state
we apply once again the Peres-Horodecki criterion. The
effective partially transposed density matrix is block di-
agonal and the only relevant block is a 2× 2 submatrix,
which contains an off-diagonal term and is proportional
to the one considered before
p
4
(|01〉〈10||01〉〈10|+ |10〉〈01||10〉〈01|). (20)
Its eigenvalues are ±p4 and we see that the total state
ρp is entangled for any value of p > 0. In particular,
if 0 < p < 13 we can confirm entanglement in momen-
tum and at the same time we know that the state of
the reference frame (17) is separable. Therefore, the en-
tanglement comes solely from the original state and the
reference frame is only used to activate it.
IV. DISCUSSION
The above examples show that it is not necessary that
the reference frame is entangled, but rather that it con-
tains non-zero off-diagonal terms. In addition, the refer-
ence frame has two important additional features. Just
like in the case of particle number SSR, although the
state ρA is separable, it cannot be prepared locally [7].
This is because the local preparation would require a vio-
lation of local SSR. In addition, although particles a and
b in the original system are different, preparation of a
reference frame capable of activating the dual entangle-
ment requires the same type of particles (either bosons
or fermions). If the reference frame consisted of other
particles, say c and d, one would not be able to bypass
the SSR.
One may ask what type of physical property of the ref-
erence frame (what type of a resource) is responsible for
the activation of the dual form of entanglement. To an-
swer this question we first recall some previous results on
nonclassical correlations in the presence of SSR. It was
shown in [7] that in the presence of a particle number
SSR in order to violate Bell inequality with the entan-
glement contained solely in the original system one needs
4a reference frame with a non-zero superselection-induced
variance (SIV) [18]. SIV is a resource that arises in bi-
partite systems which are subject to the particle number
SSR. It corresponds to a local uncertainty of the particle
number, despite the fact that the global particle number
is fixed. It is defined as the variance of the local particle
number
V (ψ) = 4
(〈ψ|N2A ⊗ 1 |ψ〉 − 〈ψ|NA ⊗ 1 |ψ〉2) , (21)
where the factor of four is due to normalisation [18]. For
mixed states one can introduce SIV of formation, which
is analogous to the entanglement of formation (EOF) [19]
V SSRF (ρ) = min{pi,ψi}
∑
i
piV (ψi), (22)
where pi represents a probability distribution over pure
states |ψi〉 that create the mixed state ρ. However, con-
trary to EOF, the minimization is not over all possible
pure states, but only over those obeying SSR.
In our case the SSR corresponds to a lack of a superpo-
sition between different particle types. This is equivalent
to saying that every pure state needs to have a well de-
fined global number of particles a and b. We recall the
definitions (11) and (12) where |0〉 was associated with
particle a and |1〉 was associated with particle b. The
ability to activate dual entanglement comes from the off-
diagonal terms in the reference frame. They originate
from a superposition |0〉|1〉+ |1〉|0〉 which is the only ele-
ment of the state ρA (17) for which the local numbers of
a and b are uncertain. One may therefore associate this
uncertainty with the resource that is responsible for the
activation of the dual entanglement. It can be measured
by the SIV of one type of particle, say particle a, which
we will denote as SIVa. Following the result in [20] we
have
V SSRF (ρA)a =
p2
2(1 + p)
. (23)
If we require that ρA is separable, then SIVa must be less
than 124 .
To conclude, we argued that the variance of the local
particle number (SIVa) is a resource which can activate
dual entanglement in an entangled state of distinguish-
able particles. This shows that some properties of indis-
tinguishable particles can be simulated with distinguish-
able ones without the need of state symmetrization/anti-
symmetrization, provided one has an access to a prop-
erly engineered reference frame. It would be interest-
ing to show that other features, that are commonly
considered to be typical bosonic or fermionic prop-
erties (such as bunching or anti-bunching [21]), can
also be simulated with SIVa or some different resource
other than symmetrization/anti-symmetrization, which
in most cases requires entanglement.
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